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Abstract 

The possibilities to write Hidden Markov models from the cluster of latent states of DNA sequences are newly analytically investigated. The originating 

chains are studied. The sensitivity of the models to small perturbations is newly analytically proven. The comparison between the proposed model and 

those appearing in the literature is requested to be performed after the comparison of the distances of the corresponding graphs (on the opportune manifold) and 

of their differential, which is necessitated to compare the fundamental matrices of the originating chains as far as the Kolmogorov backward equations and the 

Kolmogorov forward equations are concerned. 
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Introduction

The originating chains of the Clusters of latent states in DNA sequencing 

are studied in the present paper; the possibilities to write Hidden Markov 

Models out of the results are discriminated. 

A Markov model of protein sequence was proposed in [1]. 

The amino acid replacement models are considered: different patterns of 

amino- -acid replacements in different structural environments [3], as 

explained in [4]; ’transmembrane-proteins’ are examined to have 

a different replacement (of which the probability matrices are studied of 

the sequences). More specialized matrices are introduced in [5] and in [6]. 

From [7], some new timely difficulties in DNA sequencing are outlined; 

in particular, solving the epigenetic modifications for resolving the four 

DNA bases is instructed after a five-letter sequence workflow. Several 

samples are considered. Samples are divided into strands. The aim is to 

solve both genetic and epigenetics on the same ’read’. 

From [8], further aspects of genetic applications and epigenetic ones were 

integrated. 

As described form [9], the Hidden Markov Models gather interconnected 

states. Each state is discriminated after two kinds of parameters, ie. 

the symbol-emission probabilities and the state-transition probabilities. 

The symbol-emission probabilities represent the probability that each 

possible symbol is emitted out from a state. The state-transition 

probability expresses the transition to move from one state to another 

state. 

A sequence is generated, which consists of states and probabilities to 

move from one state to another state. 

The state sequence is proven to be a first-order Markov chain. 

The prescriptions summed in [10] are here followed; in particular, the 

models of different events, which have an event-related dependence, are 

here developed: the differences between the two-states model and the 

n-states models, with n > 2, are outlined. 

In the present paper, the possibilities to issue a chain originating a Hidden 

Markov Model from the cluster of the latent states are examined as far as 

the originating chain(s) of the corresponding Hidden Markov Model is 

concerned; the comparison with non-Markovian aspects is brought. 

The results analytically prove the setting of [11], which is further 

developed in [12]. In particular, from [13], the property that the 

construction of the models is very sensitive to small perturbations in the 

data is newly proven, and the peculiarity that it is often inapplicable if the 

true distance is not small is newly delineated analytically. 

The paper is organized as follows. 

In Section 2, chain models of amino-acid substitution are discussed. 

In Section 3, the possibility of writing analytically Hidden Markov 

Models from the cluster of latent states of the complete model is newly 

examined. 

In Section 4, a comparison with other possible Hidden Markov Models is 

newly analytically brought. 

In Section 5, the prospective studies are introduced. 

2. About Chain Models of Amino-Acid Substitution 

Form [5], a model of amino-acid substitution in proteins is studied; 

more in detail, the general case is developed according to several 

analyses: i.e. both the Markovian approach and the non-Markovian 

developments are considered. The fundamental matrix of the chain Q̂ is 

taken as Q̂ = Û L̂ Û −1 ,  where L̂ is a diagonal matrix whose entries lii, 

i = 1, 2, ..., 20 are written as lii ≡ λi, being λi the eigenvalues of the 

fundamental matrix. 
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The probability matrix per unit time interval M̂ is set. The matrix ̂ (U ) is formed from the eigenvectors of the matrix M̂ .

The probability matrix P̂ from the chain Q̂ is written from the entries uij of Û as 

(1) 
 
 
 

The matrix R̂ is the matrix of the relative rate of substitution. 

The matrix Â is the mutation matrix. The frequency πA of aminoacid i in the data is displayed in Table 22 of [14]. 

2.1 The Memory-Less Markov Chain 

The memory-less process is implemented from the elements in the above after relating the matrices Â and R̂ .  

In the Markovian case, the matrix R̂ is the identity matrix Î . 

Accordingly, the matrix M̂  is specified as 

 

(2a) 

(2b) 
 
 

The matrices Â and R ̂ are related.

3. The Clusters of Latent States and the Possible 

Originating Chains 

It is the purpose of the present Section to prove that a Hidden Markov 

Model of two-state amino-acid substitution as inspired by the 

interrogation in [7], where selected items are considered only must 

descend from a chain different from that of [5], independently on whether 

the chain is chosen as Markovian or as non-Markovian. 

To this aim, one studies the properties of the matrix M̂, and, in 

particular, of its eigenvalues µi to construct the eigenvectors to compose 

the matrix Û from imposing det[M̂  — µIˆ] = 0. ˆI being the identity 

matrix. 

In the case of a two-state model, the two eigenvalues of M̂ are µ1 = 1 

and µ2 = 1 — 2δ. 

In the case of a Hidden Markov Model constating more than two 

states, the eigenvalue µj = 1, j = 1, 2, ... does not occur (proven by 

induction). 

This way, the representation of the probability matrix according to o(δ) is 

comparably different in the case of the two-states Hidden Markov Model 

and in those of a different (greater) number of states. 

This way, it is proven that the chain from which the two-state model 

looked for in [7] does not originate from the chain analyzed in [5], 

independently of the choice of the process, i.e. either memory-less or 

memory. 

This result analytically proves the findings of [11], which are further 

developed in [12] and in [13]. In particular, the dependence of the model 

on small perturbations is here newly proven analytically. 

4. Comparison with Other Possible Hidden Markov Models 

The peculiarity of the two-state model is here outlined to be a unique one 

among the possible n-state Hidden Markov Models presented, i.e. in 

[15,16,11], 

The reversible Markov process model was schematized for nucleotide 

sequence analysis in [16]. 

In [15], a general reversible process model of Markov Process Models 

of nucleotide substitution is provided according to a 4 × 4 fundamental 

matrix of a Markov chain proposed from [16]; in this case, the peculiarities 

of the fundamental matrix allow one to infer that one of the parameters 

Πi (from which the parameters πj which relate the matrices ˆA and Rˆ in 

[5] are generalized) is redundant. 

More in general, the comparison of the models [5,16,15], consists of 

comparing the different probability matrices as far as the originating chains 

are concerned. For comparing the matrices, the distances between the 

corresponding graphs have to be computed, i.e. a Kantorovich distance as one 

from [18]; nevertheless, it is necessary to compare the fundamental matrices 

of the originating chains, for which purpose the definition of the derivatives 

is necessary to write the Kolmogorov backward equation and the 

Kolmogorov forward equation. The definition of distances and of their 

differentials can be found in the very recent approach [19]. Within this 

approach, it is possible to compare the presented results with those of [20]. 

The complete methodology for the comparison of the models is constituted 

therefore as defining the corresponding graphs (on the opportune manifold 

endowed with metric), the comparison being possible after having introduced 

the concepts of the distances between the graphs and of their derivatives. 

Within this framework, it is possible to compare the construction here 

presented with other schematizations, i.e. such as [20]. 

5. Prospective Studies 

From [9], the simulated alignment is able to induce dynamics 

programming algorithms for the correct sampling of the suboptimal 

multiple alignments according to both the probability and the Markov 

landscape, which is shaped after the free energy, where the Markov 

landscape is expressed as from a ’Boltzmann temperature’ factor. 

The need for further algorithms to be implemented was recently expressed in 

[17]. Applications in molecular diseases can be found in [21]. Applications 

can be found in carcinogenesis [8]. The paradigms for comparison of the 

different possible chains are those eluci dated as comparin the distances 

among the corresponding graphs, as well as the differentials. 
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